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Abstract 

We consider the mixed problem, 

Au = in O 

u = Id on D 

in a class of Lipschitz graph domains in two dimensions with Lipschitz constant 
at most 1. We suppose the Dirichlet data, fz> has one derivative in L P (D) of 
the boundary and the Neumann data is in L P (N). We find a po > 1 so that 
for p in an interval (l,po), we may find a unique solution to the mixed problem 
and the gradient of the solution lies in L p . 

1 Introduction 

The goal of this paper is to study the mixed problem (or Zaremba's problem) for 
Laplace's equation in certain two-dimensional domains when the Neumann data 
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comes from L p and the Dirichlet problem has one derivative in LP . We will con- 
sider both LP with respect to arc- length, da and also L p (wda) where the weight w is 
of the form w(x) = \x\ e . By the mixed problem for L p (wda), we mean the following 
boundary value problem 



Here, (Vtt)* is the non-tangential maximal function of the gradient (see the definition 
in (|2.ip ). The domain Q will be a Lipschitz graph domain. Thus, Q = {(xi,X2) '■ 
X2 > 4>{x\j} where : R — > R is a Lipschitz function with 0(0) = 0. We will call 
such domains standard graph domains. The sets D and N satisfy D U N = dQ and 
DnN = 0. Also, we want D to be open, so that it supports Sobolev spaces. Here, we 
will generally assume that fo is a function with one derivative in L p (D,w da) and that 
/jv is in L P (N, w da). Our goal is to find conditions on the data, the exponent p and 
the weight w so that the problem has a unique solution. This paper continues 
the work of Sykes and Brown |3J 1231211 to provide a partial answer to problem 3.2.15 
from Kenig's CBMS lecture notes [20J. Our goal is to obtain LP- results in a class of 
domains that is not included in the domains studied by Sykes |28j . 

We recall a few works which study the regularity of the mixed problem. In pQ, 
Azzam and Kreyszig established that the mixed problem has a solution in C 2+a in 
bounded two-dimensional domains provided that iV and D meet at a sufficiently small 
angle. Lieberman [22] also gives conditions which imply that the solution is Holder 
continuous. In addition, much effort has been devoted to problems in polygonal 
domains, see the monograph of Grisvard ^E] ■ Savare [21] finds solutions in the Besov 
space -E?2 oo m smooth domains. This positive result fits quite nicely with the example 
below which shows that there is a solution whose gradient just misses having non- 
tangential maximal function in L 2 (da). It is known that solutions for which the 
non-tangential maximal function of the gradient is in L 2 (da) also belong to the Besov 
space B^ 2 2 (see the article of Fabes [12]). 

If we recall the standard tools for studying boundary value problems in Lipschitz 
domains, we see that the mixed problem presents an interesting technical challenge. 
On the one hand, the starting point for many results on boundary value problems 
in Lipschitz domains is the Rellich identity (see Jerison and Kenig ^H], for exam- 
ple). This remarkable identity provides estimates at the boundary for derivatives 
of a harmonic function in L? . On the other hand, simple and well-known examples 
show that the mixed problem is not solvable in L 2 (da) for smooth domains. Let 
us recall an example in the upper half-space, R+ = {(a;i,x 2 ) : x 2 > 0}. We let 
iV = {(xi, 0), x\> 0}, D = {(xx, 0), x\ < 0}, and we consider the harmonic function 




in 

on D 
on N 



(1.1) 
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It is easy to see that we have 



du 



dv 
du 



da 



< C(l + |^|)" 3/2 on N, 

< C{l + \z\)- 3/2 on D, 



but 



IVuI > 



c 



for \z\<l/2. 



Lf oc (R,da). 



On the other hand we have (Vu)* G 



Hence, we do not have (V«) : 
Lf oc (R, da) for all 1 < p < 2. 

We detour around this problem by establishing weighted estimates in L 2 using 
the Rellich identity. This relies on an observation of Luis Escauriaza JT] that a Rel- 
lich identity holds when the components of the vector field are, respectively, the real 
and imaginary part of a holomorphic function. Then, we imitate the arguments of 
Dahlberg and Kenig ^U] to establish Hardy-space estimates (with a different weight). 
The weights are chosen so that interpolation will give us unweighted LP as an in- 
termediate space. The weights we consider will be of the form restricted to the 
boundary of a Lipschitz graph domain. Earlier work of Shen [2H| gives a different ap- 
proach to the study of weighted estimates for the Neumann and regularity problems 
when the weight is a power. 

In the result below and throughout this paper, we assume that Q is a standard 
Lipschitz graph domain and that 



D = {( Xl , 4>{x x )) : xi < 0} , N — {(an, </>( Xl )) : x x > 0}. 
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We will call Q with iV and D as defined above, a standard Lipschitz graph domain 
for the mixed problem. The Lipschitz constant of the domain is defined to be the 
quantity: 



M 



|l°°(r) 



;i.3) 



Our main result is the following. 



Theorem 1.1 Let Q be a standard Lipschitz graph domain for the mixed problem, 
with Lipschitz constant M less than 1. There exists po = Po(M) so that for 1 < p < p , 
if fN £ L P (N, da) and dfp/da G L P (D, da), then the mixed problem for L p (da) has a 
unique solution. The solution satisfies 



IKVU)*!!^) < C{ P ,M) \\f N \\ LP {N,da) + 



df D 




da 


LP(D,da)j 



;i.4) 
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2 Preliminaries 



In this section, we prove uniqueness for the weighted L p -Neumann and regularity 
problems in a Lipschitz graph domain, see (J2.4)) and (|2.5jl . The proofs are based on 
Rellich-type estimates (Proposition Here and in the sequel, we let v denote the 
outer unit normal to dQ. We recall that a bounded Lipschitz domain is a bounded 
domain whose boundary is parameterized by (finitely many) Lipschitz graphs. We 
begin our development with an observation that we learned from Luis Escauriaza jllj . 

Lemma 2.1 (L. Escauriaza) Suppose Q is a bounded Lipschitz domain and u and 
a = (ax, 02) are smooth in a neighborhood ofQ with Au = and a\+ia2 holomorphic. 
Then, we have 

f ,9 dudu , 

/ \Vu\ 2 a-v -2— — da = 0. 
Jan oa dv 

Proof. A calculation shows that div(|Vw| 2 a — (2a ■ Vu)Vu) = 0. Thus, the lemma 
is an immediate consequence of the divergence theorem. I 

Next, we recall Carleson measures and the fundamental property of these mea- 
sures. The applications we have in mind are simple, but the use of Carleson measures 
will allow us to appeal to a well-known geometrical argument rather than invent our 
own. 

Let a be a measure on the boundary of Q. A measure /1 on Q is said to be a 
Carleson measure with respect to a if there is a constant A so that for each x G dQ 
and each r > 0, we have 

n(B r (x) n Q) < Aa(A r (x)). 

Here, we are using B r (x) to denote the ball (or disc) in R 2 with center x and radius 
r and we also use A r (x) = B r (x) fl dQ to denote a ball on the boundary of £1 

Before we can state the next result, we need a few definitions. For 9$ > 0, we 
define T(0) = {re ld : r > 0, \9 — ir/2\ < 9 } to be the sector at with vertical axis 
and opening 29 . Then, we put T(x) = x + T(0), x G dQ. If Q is a Lipschitz graph 
domain with constant M, then we have that T(x) defines a non-tangential approach 
region provided #0 < ti/2 — tan _1 (M). We fix such a #0 and if v is a function defined 
on Q, we define the non-tangential maximal function ofv, v* on dQ by 

v*(x)= sup |f(y)|, x G dQ . (2.1) 
yer(x) 

We also use these sectors to define restrictions to the boundary in the sense of non- 
tangential limits. For a function v in Q, we define the restriction of v to the boundary 
by 

v (x) = lim v (y) , x G dQ (2.2) 
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provided the limit exists. Finally, we recall that a measure a is a doubling measure 
if there is a constant C so that for all r > we have <r(A 2r (x)) < Ca(A r (x)). 

Proposition 2.2 If r is a doubling measure on dQ and /i is a Carleson measure with 
respect to r with constant A, then there exists a constant C > so that 



v dfx 



<CA v* dr. 
Jan 



This result is well-known. The proof in Stein [2E1 pp. 58-60] easily generalizes 
from Lebesgue measure to doubling measures. 

A simple example of a Carleson measure that will be useful to us is the following. 
With R > and e > — 1, define da t and dfi e by 

\y\ e 

do e (x) = \x\ e da(x) , x £ dQ ; dfi e (y) = —XB R (o)(y)dy , y e Q, (2.3) 

where we are using da for arc-length measure on dQ and dy for area measure in the 
plane. It is not hard to see that o~ e is a doubling measure on dQ (see Lemma l3.1j) and 
fj, e is a Carleson measure with respect to o~ e . 

Lemma 2.3 (Rellich Identity) Given e > — 1 and a £ C, we define a(z) = 
(Re(az e ), Im(az e )). Here, z = x\ + ix 2 - Let a e be as in K2.3j) . If u is harmonic 
in Q and (Vn)* £ L 2 (a e ), then we have 

du 

I Vm| 2 q; - u — 2a- Vw— da = 0. 

an ov 

Remark. Here and in the sequel, we let Vu(x) denote the non-tangential limit of Vu 
at x £ dQ, see (I2.2JI . It is well known that, with the assumptions of Lemma f2.3t the 
non-tangential limit of Vu exists a.e. x £ dQ, see Dahlberg j^j or Jerison and Kenig 

EH- 

Proof. We introduce a cut-off function rj R where r)n(y) = 1 if y £ B R (0), r] R (y) = 
if \y\ > 2R, and \Vr] R \ < C/R. For r > 0, we define a translate of u, u T , by 
u T (y) = u(y + re 2 ), where e 2 = (0, 1). Note that u T is smooth in a neighborhood of 
fi. Since Q is a graph domain and £ dQ it follows that az e is holomorphic in Q. 
Thus, we may apply Lemma [2. II to u T and a. The divergence theorem now yields 



/ f I Vw r | 2 a • z/ — 2a • Vw r — — ] r] R da = [ Vr] R ■ (|Vii r | 2 a — (2a ■ Vm t )Vm t ) dy 
Jan \ ov ) Jn v ' 

= Ir- 



The hypothesis e > — 1 is needed to justify integration by parts with the singular 
vector field a. Now, using the measures defined in (|2.3|) . Proposition 12.21 and the 
definition of a we have 

\Ir\<C f R (x)da e 
Jan 
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where }r is given by 

f R (x)= sup \Wu T (y)\ 2 . 

yeT{x),\y\>R 

Notice that for each x, liniR_ j . 00 Jr(x) = 0. Hence, our assumption that (Vu)* is in 
L 2 (da t ) and the Lebesgue dominated convergence theorem imply that lim^oo Ir = 0. 

We may now let r — ► + and use the dominated convergence theorem again to 
obtain the lemma. I 

As a step towards studying the mixed problem in weighted spaces, we consider the 
Neumann and regularity problems in two- dimensions. By the Neumann problem for 
LP{wda), we mean the problem of finding a function u which satisfies 

' Au = in Q 

< = on Oil (2.4) 

(Vu)* G L p (wda) 

where, in general, we assume that Jn is taken from L p (wda). We also study the 
regularity problem for L p (w da) where we look for a function u which satisfies 

' An = in Q 

' u = /dj on dQ, (2.5) 

t (Vu)* G L p (wda) 

where, in general, we assume that dfo/da is in L p (wda). 

We will obtain weighted estimates for these problems by applying the Rellich 
identity (Lemma l2.H)l with a vector field a which satisfies — ol-v ~ \x\ e for appropriate 
e. Here and in the sequel we will use the notation A w I? to signify: ciA < B < c^A 
for fixed constants < ci < c 2 < +oo. 

Lemma 2.4 Let Q be a Lipschitz graph domain with Lipschitz constant M and set 
/3 = arctan(M) > 0. For \e\ < (tt - 2/3)/(n + 2(3) there exist (3 = (3 (e,M), 
(3 < (3q < n/2, and a complex number a = e tX such that the vector field a(z) = 
(Re(a2; e ), lm(az e )) has the following property: 

— |x| e < a(x) ■ u(x) < —\x\ e sin(/5 — (3) , x G dVl. 

Proof. Since (3 = arctan(M), the outer unit normal v lies in {(cos ip, simp) : — n/2 — 
13 < <p < — 7r/2 + /?}. Thus, in order to have a ■ v < we need a/\a\ = (cosip, sinip) 
for some if) in (/?, 7r — (3). To obtain a strictly negative upper bound for a • v, it 
suffices to pick j3 (to be determined later) so that (3 < (3$ < n/2 and then require 
ct/\ct\ = (cost/;, sinip) for some ip in (/3 , n — /3 ). 

For z = re %e in Q, we have —(3 < 9 < n + (3. In order to construct the vector field 
a, given e as in the hypothesis, we let ip(6) be a linear function with slope e so that "0 
maps the interval [— (3, tt + (3} onto [fio, n — f3 ]. That is, we let ip(9) = e6 + A, where 
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|e| = (-7T — 2ft )/(ir + 2/3) (we may choose ip to have either positive or negative slope). 
The latter defines ft . 

We now let a(z) = e tX z t 1 or in polar coordinates, a(re %e ) = r e e"^ e '* ) . Then the 
angle between a and v will lie in the interval (vr/2 + ft® — ft, 37r/2 — (/?o ~ ft)) and we 
have 

-|af < a{x) ■ v{x) < -\x\ e sin(|/3 | - |/3|) , 



Proposition 2.5 (Weighted Rellich Estimates for (12.41) and ()2.5|) ) Lei 6e a 

Lipschitz graph domain with Lipschitz constant M and let ft = arctan(M). Suppose 
that \e\ < (n — 2ft) /(n + 2ft). Then, if u is harmonic in Q and (Vu)* G L 2 (o~ e ), we 
have 



an 



du 



and 



;><> 



dv 



du 



da 



da e < / \Vu\ 2 do- e < C 

Jan Jan 



dcr e < / \Vu\ 2 do t < C 

Jan J an 



du 



dv 



du 



do 



do f 



do f . 



where C = C(e,M). 



Proof. We let a be the vector field from Lemma 12.41 and use the Rellich identity 
from Lemma \2. 31 to obtain 

du 

\Vu\ 2 a ■ v — 2— —a ■ Vuda = 0. 

an du 



Because we have —a ■ v(x) 
yield the proposition. 



hi- 



st andard arguments as in Jerison and Kenig [TH] 



An important component in establishing uniqueness is the following local regular- 
ity result for solutions with zero data. 



Lemma 2.6 Suppose that Am = in ; |^ = or u = on dVl and (Vw)* G 
Lj oc (dQ). Then, for every bounded set B dVt, we have V« G L 2 (B). 

Proof. We consider the case of Neumann boundary conditions. Dirichlet boundary 
conditions may be handled by a similar argument. 

We first observe that since (Vu)* is in L] oc {da), it follows that Vu is in I/ 1 (-B) for 
any bounded subset of Q, B. 

Fix a point xq G dQ and let 77 be a smooth cutoff function which is one on B2 T {xq) 
and zero outside of B^ r (xo). We let N(z, y) be the Neumann function for Q, thus N is 
a fundamental solution which satisfies homogeneous Neumann boundary conditions. 
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Dahlberg and Kenig ^H] construct the Neumann function on a graph domain by 
reflection. At least formally, we have the representation formula, 

r)u(z) = I N(z,y)(u(y)Arj(y) + 2Vu(y)-V V (y))dy (2.6) 

JQnB4 r (xo) 

N(z,t)u(t)^-da(t), zett. 

A 4r 0ro) av 

We now show how to estimate each term on the right-hand side of this formula. 
Since (Vw)*(x) is in Lj oc (dfl), it follows that u is bounded on A 4r (xo). As we observed 
above, we have Vw G L x (f2 D B^xq)), and the Poincare inequality gives that u is in 
L l (Vl n B^ r {xo)). We also have that the Neumann function is locally bounded when 
z ^ y. Hence, the integrands in (j2.fi)) are in L 1 and it is a routine matter to justify 
this formula. Since the map y — > N(z,y) is in the Sobolev space W 1 ' 2 (B r (xo) D O), 
uniformly for 2 G -B 3r .(:co) \ B 2 r(x ), the estimates for u and Vw outlined above 
together with (|2~H|) imply that Vw G L 2 (B r (x ) flO). I 

Next, we recall a classical fact from harmonic function theory, a Phragmen- 
Lindelof theorem. This result is well-known and the proof is omitted, see e.g. Protter 
and Weinberger [221 Section 9, Theorem 18]. We will need this theorem to control 
the behavior at infinity of solutions in our unbounded domains. 

In the next result and below, we will let denote the sector 

= { re ie : r > 0, \6 - ir/2\ < ip}, < <p < vr . (2.7) 
With this normalization, Q v is a Lipschitz domain with constant M = | tan(7r/2 — (p)\. 

Theorem 2.7 (Phragmen-Lindelof) Let ip G (0,7r). Suppose v is sub-harmonic 
in Qp, v = on dQ v and 

v (z) = o{\z\ n/{2lp) ) as \z\ ^+00, ze%. 

Then v < 0. 

We now prove uniqueness for the regularity problem for L p (wdo~), (|2.5J) . 

Lemma 2.8 Let Q be a Lipschitz graph domain with Lipschitz constant M. Suppose 
that, for p > 1, L p loc {w da) C L} oc (da) and that that for all surface balls A r (x) with 
r > 1, we have 

w{t)- l/{jp - l) da{t)\ P < Cr* /( - 2/3+ ^ , ifp>l; (2.8) 

A r (x) J 

-1 

(2.9) 



( inf w(t)] < (7^/(2/3+-) ifp=\ 
\teA r (x) J ~ 



where (3 = arctanM > 0. Under these conditions, if u is harmonic in Q, (V«)* G 
L p {w da) and u = on dQ, then u = in Q. 
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Proof. Since (3 = arctanM then we have Vt C f^, with tp = (3 + tt/2. Define v by 

\u\, in fz* 
0, in n c . 



v(x) 



The function t> is sub-harmonic in all of R 2 and, moreover, v = on dVL<p. We verify 
the growth condition in the Phragmen-Lindelof Theorem 12.71 To do this, suppose 
that z G Vty and set r = \z\. By Lemma 12.61 we have that Vw is in L? of each 
bounded subset of Q, and the same is true for Vt>. Then, by combining the mean- 
value property for sub-harmonic functions with the Poincare inequality, Proposition 
12.21 (for the Carleson measure dp,(y) = lxB r {z) dy with respect to da, see ()2.3|l ) and 
Holder's inequality, in the case p > 1, we obtain 



< v(z) < — [ v(y) dy 
nr 2 JB r (z) 

< - [ \Vv(y)\dy 



< C / (Vu)*(t)da(t) 

JA 2 r(x) 

<C[[ (Vu)*(t) p w(t)da(t)) If w- 1/{p - 1 \t)da(t)) P . 

\JA 2 r(x) J \JA 2r (l) / 

Here, x is the projection of z onto the boundary, i.e. if z = (xi,<j)(xi) + t), then 
x = (xi,(j)(xi)). Thus, under our assumption (|2.8|) it follows that 

< v(z) < Cr^ < C\z\%, zeQ$, 

as G dVL(p. We may now apply Phragmen-Lindelof Theorem 12.71 and conclude that 
v — 0. The case p — 1 is treated in a similar fashion. I 

Remark. Using Holder's inequality, we see that 

/ \ i/p / \ ^ 

\f(t)\da(t)< If \f(t)\ p w(t)da(t)) I [ w(t)-^ da(t) \ * . 

Thus, we have L p loc {w da) C L\ oc (da) provided w -1 /^ 1 ) is in Lj oc (da). It is easy to 
see that this will hold for the weight w(t) = \t\ € if e < p — 1. 

Finally, we give uniqueness for the weighted Neumann problem for L p {w da), (J2.4)) . 

Lemma 2.9 Let Q be a Lipschitz graph domain with Lipschitz constant M. Suppose 
w satisfies the hypotheses of Lemma \2. M If u is a solution of the Neumann problem 
with (Viz)* G L p (wda), p > 1, and |^ = a.e. dil, then u is constant. 

Proof. We consider v, the conjugate harmonic function to u. Since u has normal 
derivative zero at the boundary, by the Cauchy-Riemann equations we have that v 
is constant on the boundary, and we may assume this constant is 0. Now, (Vt>)* G 
L p (w da) (since this is the case for u) so that v satisfies the hypotheses of Lemma 
and hence it is zero. But this implies that u is constant. 
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3 The L 2 -Neumann and regularity problems with 
power weights 

In this section we prove existence of solutions for the Neumann problem and the 
regularity problem for L 2 (wda) when the weight is a power of \x\. A different proof 
of this result was given by Shen (2H| for bounded domains in dimension three and 
higher; it is likely that Shen's argument can be adapted to graph domains in two 
dimensions. Here we give a proof based on the Rellich estimates (Proposition 12. 5|) . 

Before continuing, we record a few basic facts about the power weights \x\ e and 
their relation to the Muckenhoupt class A p (da). A weight (that is a non- negative 
measurable and locally integrable function) w is a member of the class A p (da) if and 
only if for all surface balls A C dQ, we have 

w da (^J w~ do^j <C. 

The best constant C in this inequality is called the A p -constant for w. The following 
simple lemma tells us that \x\ e is in A p (do~) if and only if— 1 < e < p — 1, see [21 



p. 218]. 

Lemma 3.1 For e > — 1, the boundary measure a e (see \2.'J\j ) satisfies 

a e (A r (x)) ~ r max(|x|, r) e , x G dfl. 
The proof is omitted. Next, we establish existence of solutions in sectors, see ()2.7j) . 



Proposition 3.2 Let e satisfy 1 — j- < e < 1, and let a e be as in \2.3i) . Then, 



we 



may solve the Neumann problem \2.4\) and the regularity problem for L 2 (da e 

in the sector Q v , and we have 

\\(Vu)*\\ L 2(dnr,d<Te) < C\\f N \\ L 2 {dQtf>4ae) (for jEflJJ, 

IKViOi^ai^o < c\\f D \\ L 2 {aavtdae) (for nop;. 



Proof. The proof goes along the same lines as the proof of Proposition 14.31 which 
deals with the mixed problem in sectors, with the role of Theorem 14.21 being played 
by the classical results on the regularity and Neumann problems for the upper half 
plane. We omit the argument here in order to save space. I 
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The main result of this section is the following theorem. 

Theorem 3.3 Let Q be a Lipschitz graph domain with ||0'||oo = tan/3, < (3 < tt/2. 
Then, for e satisfying \e\ < (it — 2(3) /(n + 2(3) and for a e as in we have that 

the Neumann problem \2.J$ and the regularity problem \2.5\) for L 2 (do~ e ) are uniquely 
solvable. 



Proof. We apply the method of layer potentials as in Verchota jHO] • Note that for 
e G (—1,1), \x\ e is an A 2 (da) weight (see Lemma l3~T|) so that singular integrals 
are bounded on L 2 (dfl, da e ). Applying Lemma EH and Proposition 12.51 leads to the 
estimates 



on 



du 



dv 



da f 



on 



du 



do 



do f 



(3.1) 



which hold for u harmonic in Q with (Vw)* G L 2 (a t ) and for |e| < (n — 2(3) /(n + 
2(3). By Proposition 13.21 we can solve the Neumann and regularity problems for 
L 2 (dQ ip , da e ), where e is as in the hypothesis and < ip < ((3 + 7r/2)/2 (for which we 
have 1 — 7r/2ip < (2(3 — it)/ (tt + 2(3) < e). Estimate ()3.1|) and the method of continuity 
(see Brown [3J Lemma 1.16] and Gilbarg and Trudinger ^SJ Theorem 5.2]) now lead 
to the existence of a solution in general graph domains. 

Uniqueness follows from Lemma 12.91 (or Lemma 12. 8|) . It is easy to check that 
w(x) = \x\ e for e as in the hypothesis (indeed, e > (2/3 — 7r)/(7T + 2(3)), satisfies the 
growth condition needed in these Lemmata. I 



4 The mixed problem with power weights. 

The main result of this section is Theorem 14.61 where we prove existence and unique- 
ness for the solutions of the weighted mixed problem in L 2 on a Lipschitz graph 
domain. There will be a restriction on the size of the Lipschitz constant. We first 
discuss the unweighted case. 

Lemma 4.1 (Rellich Estimates for the unweighted mixed problem) LetQ = 
{x 2 > <p(xi)}, N , D be a standard domain for the mixed problem, see \1.2}) . Suppose 
that <j) xi > 5 > on N and cf) xi < —5 < on D. 

Then, if u is harmonic in fl and (Vu)* G L 2 (dQ,da), we have 

ou\ , r I du\ , r ou 




d \do J ^ In \du J JN\do~) JD\dv) ^ ^ 

Proof. The proof follows from the Rellich identity with vector field a = e\, see Brown 
Lemma 1.7]. I 
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Theorem 4.2 Let 5 > and £1, N, D be a standard Lipschitz graph domain for the 
mixed problem, see hl.2j) . Suppose that <f> Xl > 5 > on N and <p xi < — 5 < on D. 
Then, if £ L 2 (N,da) and dgp/da G L 2 (D,da), there exists a unique solution of 
the mixed problem M.l\) for L 2 (da) in Q. Moreover, v satisfies 



II (V«) 



\L 2 (dcr) 



< c 



dg 



D 



da 



L 2 {D,da) + ||fl , Ar||z,2(JV,<io-) 



(4.2) 



Remark. In particular, we have that the unweighted mixed problem is uniquely 
solvable (with estimates for (Vt>)*) in all convex sectors < ^ < 7r/2, see (J2.7)) . 

Proof. This is an extension of the results of Brown jlj to two dimensions and to 
Lipschitz graph domains. The first step is to observe that the equivalence (|4.1j) 
quickly leads to uniqueness. For if u is a solution of with u = on D and |^ = 
on N, then (|4.1|) implies u = on dQ. Lemma f2. 81 now yields u = in Q. 

To prove existence, we find solutions in a sector. This is easy by symmetry and 
can be done as in Brown jlj Lemma 1.16]. Then we may use the method of continuity 
and again (J4.1j) to establish solutions in more general Lipschitz graph domains. I 

We now turn our attention to the weighted mixed problem in sectors that are not 
necessarily convex. For the boundary of a sector as in ()2.7|) . we write: dQ^, = 
U N 9 , with D and N as in (fT~2J) . 

Proposition 4.3 Let tp G (tt/2,tt) and suppose that 1 — ^- < e < 1. Let a t be as 

in Then, if /jy G L 2 (N !fi ,da e ) and dfo/da G L 2 (D !f ,da e ), there exists a unique 

solution u of the mixed problem 



Au = 
u = fo 

du f 

(Vit)* G L 2 (dQ v ,da e 



in 

on Dp 

on N,„ 



(4.3) 



Moreover, u satisfies 

(Vu)*{x) 2 da e < C 



\fN(x)\ da e + 



dfo. 
da 



x 



da f 



(4.4) 



Proof. We use a conformal map to reduce the weighted Mixed problem ()4.3|) to an 
unweighted Mixed problem on a convex sector, then we apply Theorem 14.21 
Let s = 1 — e with e as in the hypothesis, so that we have 



< s < 71-/293 < 1. 
Define <ft s (z) to be the conformal map 



(4.5) 



V 



\z) = il-iz) 
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Thus, <p s maps Q v to Q sip , to D sip and N v to N sip . Note that if we let d<p s denote 
the complex derivative of <f> s , that is 



1 fd<f> a 1 90, 



we have 



2 \dxi i dxi 



da = —d(7f . 



(4.6) 



(4.7) 



On account of ()4.5|) it follows that Theorem 14.21 applies to Q sip . 

Given fp and fx as in f)4.3j) . we define go and gN on dfl sip as follows: 



A' 



We verify that g^ and go satisfy the hypotheses of Theorem 14.21 Indeed, it is imme- 
diate to see that 

(4.9) 



Similarly, we have 



/ 


\9n 


2 da = 


1 


1 Un? 






s 






f 


dg D 


2 

da = 




f 


df D 




da 


s 




da 



da, . 



(4.10) 



By Theorem 14.21 the unweighted Mixed problem on Q sip has a unique solution 



which satisfies ()4.2j1 . We now pull this solution back to Vt^ by defining 
Then, u is harmonic in Q,„ and satisfies: 



u = v o 



du 



u = f D on ; — = f N on N v . 
Moreover, on account of ()4.2j) . ()4.9)1 and ()4.1()j) we have 



\\iyvy\\ L , mav4a) <c \f N (x)\ z da e + 



dfp { 
ds 



da f 



(4.11) 



Now we consider non-tangential maximal function estimates for Vm. We apply 
the Cauchy integral formula to the complex derivative of u (which is analytic in Q^) 
and obtain: 



9u{z) = hh 



dn v z — (, 2iri Jdvt^ 



z-C 



d(, ze%. (4.12) 



It follows 



(Vu)*(x) = 2(du)*(x) < (K v (d(j) s ■ (dv) o S )V (a:) , a. e. x <E d% , 



(4.13) 
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where K v denotes the Cauchy integral on n v . By the theorem of Coifman, Mcintosh 
and Meyer [7] on the boundedness of the Cauchy integral we have 

IIOMOIU^fw^) < CHh^an^)- ( 4 - 14 ) 
This uses that d<j t is in ^(dcr). Combining these last two inequalities we obtain 

= C\\dv\\ (4.15) 

where the last equality was obtained by performing the change of variables <p s (C) = f], 
see also (ET7j) . This, together with (liTTl) yields (IPl) . 

The argument is reversible, so we may conclude uniqueness in Q,^ from uniqueness 
in Q Sip . I 

Remark. It is well-known that non-tangential maximal function estimates for har- 
monic functions behave nicely under conformal mapping, see Kenig (THj and Jerison 
and Kenig ^7j . The previous Lemma, however, considers the non-tangential maximal 
function of the gradient. The estimates in this case appear to be more involved. 

We now construct holomorphic vector fields which allow us to use the Rellich 
identity of Lemma 12.31 to obtain Rellich estimates for the weighted mixed problem. 

Lemma 4.4 Suppose Q = {x2 > (p(xi)}, N,D is a standard Lipschitz graph domain 
for the mixed problem, with Lipschitz constant M. Let (3 = arctanM > 0. Assume 
(3 < tt/4. 

Then, for 2/3/0 - 2f3) < e < 1 there exist fa = (3 (e,M), /3 < fa < (tt - 2/3) /2, 
and a complex number a = e lX such that the vector field a(z) = (Re(az e ), Im(az e )) 
satisfies 

- \x\ e < a(x) ■ v(x) < -|x| e sin(/5 -(3) , x e N ; (4.16) 
M e > a(x) ■ v{x) > |x| e sin(/3 - (3) , x 6 D. (4.17) 

Proof. The proof goes along the same lines as Lemma 12.41 The outer unit normal v 
lies in {(cos ip, sin ip) : — n/2 — f3 < (p < —n/2 + (3}. On account of (jl.2|) and p.3|) 
we have that iV is contained in the sector {x = re ld : —f3 < 9 < /?}, whereas D is 
contained in {x = re ld : tc — (3 < 6 < n + [3}. Thus, in order to have a ■ v < on iV 
we need a/\a\ = (cosip, sin ip) for some ip £ (— 2n + (3, —n — j3), whereas a ■ v > on 
D requires ip G (— 7r + (3, —(3). To obtain a strictly negative upper bound for a • v on 
N and a strictly positive lower bound for a ■ v on D, we pick (3q (to be selected later) 
so that (3 < (3q < it/2 and then, with the same notations as above, require that, for 
x = re 10 G N, ip(9) lie in [/3 , n — /3 ] whereas, for x G D, we require that ip{6) lie in 
[it + (3 , 2tt — f3 }. To this end, given e as in the hypothesis, we let let ip{6) be a linear 
function with slope e and choose j3 so that ip maps the point (3 to n — /3 and the 
point 7r — (3 to 7r + j3 . Writing ip{6) = e6 + A, we define a(z) = e lX z t , that is 

a(re ie ) = r e e im 
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where A = tt — tt(3o/{tt — 2(3) and e = 2/3o/(7r — 2(3) (note that the latter defines 
/%). This construction, however, grants that a ■ v has the desired sign only near the 
endpoints 9 = (3 (for N) and 6 = tt — (3 (for D). In order to make sure that a ■ v keeps 
the desired sign all the way through the two other endpoints we need to restrict the 
range for the selection of (3q to: 

P<Po<~-P. 

Then the angle between a(x) and u(x) will lie in the intervals (— 3tc/2 + (/3 — 
/3),-tt/2 - (J3q - (3)), for x G N, and in (-tt/2 + (ft - /3),vr/2 - (/3 - /?)), for 
x G £>, so that (ETTKJ) and (HTT7|) hold. i 

Proposition 4.5 (Weighted Rellich estimates for the mixed problem) Let £1, 

N , D be a standard Lipschitz graph domain for the mixed problem M.l\) . with Lips- 
chitz constant M < 1. Let (3 = arctanM. Then, for a e as in \2. for e in the range 
2(3 /{n — 2(3) < e < 1 and for u harmonic with (Vw)* G L 2 (a t ), we have 



\Vu\ 2 da f < C 




do, + 




do~ f 



Proof. We use the identity of Lemma 1231 with the vector field constructed in Lemma 
14. 41 and standard manipulations involving the boundary terms as in Brown Lemma 
1.7]. The key point is that since a ■ v changes sign as we pass from N to D, we can 
estimate the full gradient of u on the boundary by the data for the mixed problem, i 

Theorem 4.6 Suppose Q, N and D is a standard Lipschitz graph domain for the 
mixed problem, with Lipschitz constant M < 1. Let (3 = arctan(M). Given e which 
satisfies 

2(3/(71-2(3) < e < 1, 

there is a unique solution u to the L 2 (a e ) mixed problem M.l\) . Moreover, u satisfies 

[ (VuY(x) 2 da € <( I da e + [ \f N \ 2 da, 

Jan \Jd da Jn 

Proof. For e in the given range, Lemma [4.41 and Proposition 14.51 imply that 



\Vu\ 2 da f < C 



du 



da 



da e + 



N 



du 



du 



da f 



Combining Proposition 14.31 which gives existence in sectors with the method of con- 
tinuity (Brown jlj, Gilbarg and Trudinger [To]), we obtain the existence of a solution 
to the mixed problem with data in L 2 (da t ). 

Next, we consider uniqueness. If u is a solution of the mixed problem with zero 
data, then the Rellich estimates (|4.1j) imply that u is a solution of the regularity and 
Neumann problems for L 2 (da e ) with zero data. By the results in Section 2 it follows 
that u is zero. I 
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5 The regularity and Neumann problems in H l (da^). 

In this section we assert the existence of solutions for the Neumann problem when the 
data is in H 1 (do € ), and for the regularity problem when the data has one derivative 
in H 1 (do e ). This follows the work of Dahlberg and Kenig JU]; thus, we shall be brief. 
We first recall the definition of the Hardy spaces H l (do e ) and H 1,1 (do e ). 

Let e > —1. We say that a is an H 1 (do e )- atom for dfl if a is supported on a 
surface ball A s (x), J ado = and Halloo < o t (A s (x))~ 1 . We remark that for e < 0, 
^(doe) C Lj oc (do). Thus we define the space if 1 (dcr (: ), for e < 0, to be the collection 
of functions that are represented as 

oo 

.A'') XV',V) (5-1) 

3=1 

where {ojI^n is a sequence of if 1 ((icr e )-atoms for dQ and the coefficients {Xj} satisfy 
Jl'jLi l^il < oo. Note that the sum converges in L 1 (<icr e ). The H 1 (do t )-noim is defined 

by 

imi^)=mf{£l^|} (5.2) 

where the infimum is taken over all possible representations of /. Note that while 
if 1 (ci(j e )-atoms are defined for e > —1, we consider (and need for our application in 
Theorem I7.2J1 the space H 1 (do e ) only for e < 0. This allows us to avoid having to 
define spaces of distributions on Lipschitz graph domains. (See Coifman and Weiss 
|Hj or Stromberg and Torchinsky [27] for a discussion of these spaces.) 

Let e < 0. We say that A is an H 1,1 (do A- atom for dfl if for some x in dfl 

A(x) = [ a(t)do(t), ig!1 

where a is an if ^(icrj-atom, and denotes integration along the portion of the 
boundary dfl with endpoints Xq and x. Given an H 1 (do e )-atom a, the integral above 
defines A uniquely up to an additive constant. For e < 0, we define the space H 1,l (do e ) 
to be sums of the form 

oo 
3=1 

where the coefficients satisfy Y^JLi < oo. The norm of F in if 1,1 (o" e /), H-FIIh 1 - 1 ^)) 
is defined to be the infimum of Y^Li I -\? I over a U possible representations of F as sums 
of atoms. If we choose the base point x$ for each atom to be zero, then we have that 
the sum defining F converges in the norm given by 

sup |x|~ e |F(x)|. 

Furthermore, it is easy to see that we have 

u dF 

\\F ||//i,i(d CTe ) — W-j—Wmidac)- 
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By the Neumann problem for H 1 (da e ) we mean the Neumann problem for L 1 ((icx (: ), 
see (12. 4j) . where the data /jy is now taken from H l (do~ e ). By the regularity problem 
for H l,1 (da e ) we mean the regularity problem for L l (d(jf), see (12.5)1 . where the data 
/d is taken from H l,1 (da e ). 

For future reference, we also define spaces on subsets of the boundary. A function 
/ is in H 1 ^ ,da e ) if and only if / is the restriction to N of a function in H 1 (da e ). 
Such functions can be written as sums of atoms that are restrictions to N of iJ 1 ((icr e )- 
atoms for dfl. The space H l,1 (D,da e ) is defined in a similar fashion. See Chang, 
Krantz and Stein jO], Sykes [2H], and Sykes and Brown jSHj for additional works that 
study Hardy spaces on domains. 

The main result of this section is the following theorem. We omit the proof since 
it is quite similar to the argument for the mixed problem in the following section 
(Theorem 17.2)) . 

Theorem 5.1 Let Q be a standard Lipschitz graph domain with Lipschitz constant 
M and let eo(M) < e' < be small. Then the H 1 (da e >) -Neumann and the H l,1 {da e i)- 
regularity problems are uniquely solvable. The solutions satisfy, respectively, 

\H\H^(d*,)+ (Vu)*(x)da e > < C 
Jan 

+ / {Vu)*{x)da e > < C\\u\\ H ^{do el )- 

Remark. We do not assert uniqueness when e' > 0. In the rest of this paper, we will 
only use the existence of a solution for the i7 1 (<i(T e ')-Neumann problem in the case 
when e' < 0. (In order to fully treat the case e' > 0, one needs to give a different 
definition of the normal derivative at the boundary. For e' > the if 1 ((io" e /)-boundary 
data may not be in Lj oc (da) and hence fail to be a function. See Brown j3] and Fabes, 
Mendez and Mitrea JS] for a treatment of the Neumann problem with data which is 
not locally integrable). 



du 
du 



H 1 (drr , ) 



du 
du 



6 The mixed problem with atomic data. 

By the mixed problem for H l {da e i) we mean the mixed problem for L 1 (c?(T e /), see 
(jl.l)) . where the Dirichlet data fr> is taken from H 1,l {D ,da e i) and the Neumann 
data /at is in i7 1 (A^, da € i). In this section, we consider the mixed problem where the 
Neumann data is an H 1 (N,da e >) atom, and the Dirichlet data is zero. Since atoms 
lie in L 2 (do~ e ) for e > —1, by Theorem 4.6 we have existence and uniqueness of the 
solution to the mixed problem for L 2 (da e ) with these data. Our first goal is to show 
that this solution also has non-tangential maximal function in L 1 ((icr e /) for e' near 
zero. 
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Theorem 6.1 Suppose Vt, N , D is a standard graph domain for the mixed problem 
with Lipschitz constant M < 1 and set (3 = tan -1 M. Then, there is 5 = S(M) with 
1 > 5 > so that, for e' satisfying 2 ^~^ < e' < 5 we may solve the mixed problem 
(G3P for H 1 (da e /) with zero Dirichlet data and with Neumann data an H l (N,do~ t i)- 
atom, a. The solution u satisfies the estimate 



I (Vu)*(x)da e , <C(M,e'). 

JdVl 



In addition, we have 



\u\\m^{du t ,) + 



du 
du 



< C{M, e'). 



(6-1) 



(6.2) 



As a step towards the proof of Theorem 16.11 we construct a Green's function 
for the mixed problem using the method of reflections-an old idea that was used by 
Dahlberg and Kenig JU] to obtain a similar result for the Neumann and regularity 
problems. The estimates for the Green's function are a consequence of the Holder 
regularity of weak solutions of divergence-form equations with bounded measurable 
coefficients. 

We begin by constructing a bi-Lipschitz map, $ : R 2 — > R 2 with $(fi) = Q 
where Q is the first quadrant, Q = {(xi,x 2 ) : x\ > 0, x% > 0}. We also require that 
$(jV) = {(xi,x 2 ) : xi > 0,x 2 = 0} and $(£>) = {(x 1 ,x 2 ) : x x = 0,x 2 > 0}. On Q 
we now define the operator L = divAV where the coefficient matrix A has bounded 
entries (these are first-order derivatives of $), so that u satisfies 



0. 



Am 

du £ 

8V - J*f, 

U = fD, 



if and only if the function v defined by v 



u o 



Lv = 0, 

AVv ■ v = f N o 
v = f D o 



in Q 
on N 
on D 

satisfies 

in Q 

on $(iV) 
on $(£>) 



Now, we extend the coefficients of L by reflection, so that Lv = if and only if L(v o 



where Ri and R 2 are the reflections Ri(xi,x 2 ) = (—Xi,x 2 ) and R 2 (xi,x 2 ) 



(xi, — x 2 ). Next, letting G denote the Green's function for L in Q, we set 

M(z, w) = G(z, w) — G(z, Riw) + G(z, R 2 w) — G(z, R\R 2 w) , z,w G Q 

and observe that Ai is a Green's function for the mixed problem in Q. Recall that 
we may find a Green's function for L in Q which satisfies 



\G(z,w)\ < C(l + | \og\z - w\\) , z,weQ, 
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see Kenig and Ni [21]. We then observe that if \z — £| = 1 and |£ — w\ < 1/2, then 
\G(z,()-G(z,w)\ < C|C — w\ s , where < 5 < 1, 5 = 5(M). This is a standard esti- 
mate of Holder continuity for solutions of divergence-form elliptic operators. Finally, 
by rescaling, we obtain 

\G(zX)-G(z,w)\<c(^^ ) j , if |C-H<~k-C|- (6.3) 
The latter immediately implies the same estimate for A4 in Q, namely 

\M(zX)-M(z,w)\<c(^^j ifz,(,weQ a nd|C-H<^-Cl (6.4) 

We will need an additional estimate for Ai(z, () when ( G Q is near $(-D). Since 
we have A4(z, x) = if z G Q and x G $(-D), it follows by continuity that M. is 
small near $(-D). More precisely, let ( G Q and suppose that a; is a point on $(-D) 
for which \x — £| = dist(£, $(£))). For z G Q, we have M(z, x) = and ()6.4|) implies 

1^(^,01 < C J^\5> if e Q and dist(C,£>) < ^k-CI, (6.5) 

(here we have used the fact that G dQ). By using the change of variables it is 
easy to translate back to the original domain Q. Since $ is bi-Lipschitz we obtain 
estimates ()6.4|) and ()6.5|) in Q. 

These estimates are a key ingredient in the study of the behavior of the solution 
of the mixed problem with atomic Neumann data. More precisely, we have 

Lemma 6.2 Assume e' > —1. Let u be a solution of the mixed problem M.l)) for 
L 1 ((icj f: /) ; where the Neumann data is an H 1 (N,da t i)-atom, a, and the Dirichlet data 
is zero. Then, for any integer k > 1, u satisfies 

\u(z)\<C . p5 g( yf tt \\ , zen, \z-x a \>2 k p. 
\z - x a \ b a e ,(A p (x a )) 

Here, 5 > is as in the estimate for the Green's function for the mixed problem \6. 5j) 
and A p (x a ) is the surface ball where a is supported. 

Proof. We consider two cases: 1) A p (x a ) C iV and 2) A p (x a ) fl D ^ 0. 
In case 1), we have 



uiz) — \ Ai(z,x)a(x) da(x) = / (Ai (z, x) — M.(z, x a ))a(x) da(x) , zGfi 

where the second identity uses the fact that the atom a has mean value zero. Next, 
we use the continuity of M. from (|6.4|) to obtain 

\u(z)\<C, — - — n ( \a\da, for z G Q, \z - x a \ > 2 k p. (6.6) 
\z — x a \ A Jn 
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Finally, the normalization of a in the definition of an atom implies that 



a(A p (x a )) 

\a\da < 



n a e >(A p (x a )) ' 

This completes the proof in case 1. 

In case 2), we do not have f N ada = 0. However, estimate (|6.5|) yields 

\u(z)\ < C-, — - — rr / \a\da. 



\Z — X a \ JN 

and then we use the normalization of a to conclude the proof. I 

Before proceeding, we need a few technical results. In this Lemma and below, 
given a point x a G dfl, we consider a ball B p (x a ) and a boundary ball A p (x a ), and 
set: R k = B 2 k+i p (x a ) \ B 2kp (x a ), R k = B 2k +2 p (x a ) \ B 2k -i p (x a ), A k = A 2kp (x a ) and 
S fe = A k+ i \ A k . With these definitions, we can now state 

Lemma 6.3 Let A G R and set a(z) = (R,e(e tX (zY), Im(e* A (,s) e )). Then, we have 
I \a\ p dy<C2 k p[ \a\ p da < C2 k pa ep (E k ) 

provided ep > — 1 . 

Proof. The proof is a computation and we omit the details. I 

We now take a brief detour to discuss solutions of the mixed problem in the energy 
sense. Let B be a ball with center in Q. We say that u is an energy solution of the 
mixed problem in B, 

Au = in Bnn 
u = onDnB 
g* = on iV n B 

if u lies in the Sobolev space W l,2 (B n fi), u vanishes on D C\ B and for every v that 
lies in W l,2 (B n fi) and vanishes on <9(I? fl O) \ we have 



/ Wu-Wvdy = 0. 



Using a Carleson measure argument, see Proposition I2.2| it is not difficult to see that 
if u is a solution of the mixed problem in L 2 (da e ) then | Vw| 2 is integrable on bounded 
subsets of Q, provided e < 1. This shows that a solution for the mixed problem in 
L 2 (da e ) is, in particular, an energy solution. 

In the next lemma, we use -j- E f dx to denote the average, -f E f(x) dx := \E\~~ 1 J f(x) dx. 



20 



Lemma 6.4 Let Vt, D , N be a standard Lipschitz graph domain for the mixed problem 
with Lipschitz constant M. There is an exponent q = qo(M) > 2 so that on any ball 
B with center in Q, if u is an energy solution of 



{ Ah = 0, 
u = 0, 
— = 



in 2B n n 
in D n 2B 
on N D2B 



then, for all 1 < q < q , we have 



f \Vu\ q dx 
JBnn 



where r is the radius of B. 



< — (-f \u\ 2 dx 
r \J2Bnn 



1/2 



Proof. This follows from the Caccioppoli inequality and a reverse Holder inequality 
as in Giaquinta [Hj. I 

The next estimate gives the decay at infinity of a solution to the mixed problem 
with atomic data. 

Lemma 6.5 Let Q, D, N be a standard Lipschitz graph domain for the mixed problem 
M.l)) . Let e' > —1 and —1 + 2/q < e < 1, where qo is as in Lemma pT^l If u is a 
solution of the mixed problem for L 2 (da t ) with zero Dirichlet data and with Neumann 
data a a e /-atom, a, which is supported in A p (x a ), then we have 



sup \u\ 

U|j|<l-Rfc-ki 



for all k > 2 



Proof. With the same notations as in Lemma EB1 we let rjk > be a smooth cutoff 
function which equals one on Rk, is zero outside Rk, and satisfies |V^| < C/{2 k p). 
We let a denote a vector field of the form a(z) = (Re(e tX z e ), Im(e* A z e )), for some 
A G R and for e as in the hypothesis. 

We apply the Rellich identity with vector field arj^ as in Lemma \2. 31 to conclude 
that for k > 2, we have 



[ \Vu\ 2 da e < ! \Vu\ 2 \a\dy. 

JE fc Z O J R k 



P JRk 



(6.7) 



(This uses the fact that the mixed data of u is zero on the support of i]/, when k > 2). 
Applying Holder's inequality we obtain 



/ \X7u\ 2 \a\dy < ( [ \Vu\ 2p dxY * ( [ \a\ p ' dy 



(6.8) 
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where 1/p + l/p' = 1 and p is lies in the interval 1/(1 — |e|) < p < qo/2 (if — 1 + 2/go < 
e < 0) or, if e > 0, 1 < p < qo/2. (These conditions grant that Lemmata 16.41 16.31 
and 13. II apply in what follows). We now cover R k with a (fixed) number of balls Bk, n 
(each centered at a point in fl), n = 1, ...,m, such that diam5fc jn « 2 k p and 

-Rfc ^ U™ =1 5fc jn C U|j|<2-Rfc+j = U\j\<iRk+j . 
By Lemma I6.4[ for p as above, we have 

/ \Vu\ 2p dy) 1/P <C(2 k p)p~ 4 I \ u \ 2d V- 



lil<i' 



Moreover, Lemma f6. 31 and Lemma f3. 11 also for p as above, imply 



\ 1/P ' fc 1 2 



Combining f)6.7j) to ()6.9|) . we obtain 

C 



/ |V M | 2 rfa e < -^-(2V)H2V) 1 ^^(S fe ) 2 /_ \u\ 2 dx 



2 k p 

< Ca e (J: k )(2 k p)- 2 



\j\<l" ak +i 



sup 

x&J\j\<iRk+j 



\U\ 



(6.9) 



Lemma 6.6 Let f2, N, D be a standard Lipschitz graph domain for the mixed prob- 
lem. Suppose u is the solution of the mixed problem for L 2 '(do t ), see M.l)) . with zero 
Dirichlet data and with Neumann data an H 1 ^, da e i)-atom, a, supported in a surface 
ball A p (x a ). Let e' > —1 and — 1 + 2/q < e < 1 (with q as in Lemma \b\J$ . Then, 
for all integers k > 5 we have 

fv? w \2 j / Ca t (H k ) 
(yu) (x) da € < 



2 W)(cr t ,(\(x a ))f 



where 5 is as in (QT3J). 

Proof. By Lemmata 16.21 and 16.51 we have 



Vu rfcr f < -—r—raAl^k) 



(2V) 2 eV K> \(2 k P yaA\(xa))J 
-g-a £ (S fc )2- 2 ^ ( P ) . (6.10) 
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In order to pass from the estimate above for Vw to an estimate for (Vw)* , we use 
the Cauchy kernel to represent du, the complex derivative of u, see (|4.6jl . To carry 
out this argument, we consider a cutoff function r] k that is supported in B 2 k+A p (x a ) \ 
B 2 k-i p (x a ), equals one on B 2 k+3 p (x a ) \ B 2 k-2 p (x a ) and, furthermore, satisfies: \dr) k \ < 
C/2 k p. On account of the analyticity of du, the Cauchy- Pompeiu formula, see e.g. 
Bell 0, yields 

r} k (z)du(z) = K m (r] k du)(z) + I(z), z G ft, 

where we have set 



K an (rj k du)(z) 



1 



1 



2ni Jan z — ( 

and d( is used to denote complex line integration. Also, we define 

1 



(6.11) 
(6.12) 



m = - / 

7T JR , 



-dr] k (y)du(y) dy 



(6.13) 



'-R fc _ 2 u-Rfe + 3 z y 

and in this expression, dy denotes area measure. 

Next, for x G we decompose the sector T(x) = T n (x) U T^(x) where T n (x) = 
T(x) fl B K2 k p (x a ), Tf(x) = T(x) \ B K2 k p (x a ), and the constant k is chosen so that 
T n (x) C U\j\<iR k+ j for x G Sfc. If we let v^(x) denote the supremum of \v\ on T n (x) 
and similarly for Vf, using ()6.11|) and the theorem of Coifman, Mcintosh and Meyer 
7\ we obtain 



/ (\7u)* n (x) 2 da e (x) 
J^k 



(du)n(x) 2 da e (x) 



(6.14) 



< E 



| i |< 3 -S fc+J 



\du(x)\ 2 da e (x) 



+o- e (E fc ) 



sup 



sup 



\I(z) 



J |j|<3-Rfc+j- 



where we have used that supp% C U| 

We now estimate the term I{z): by the Cauchy-Schwartz inequality we have 



\Kz)\ < 



C 



p2 k ~ 



R k - S UR k+3 



\Vu\ 2 dy 



z e ^\j\<i-R-k+j ■ 



On account of the vanishing boundary conditions on u and dujdv we may now apply 
Caccioppoli inequality and conclude 
1 



Hz) < 



2 k p 



sup 

yeu\j\<4Rk+j 



u(y)\ for all z G ^\j\<iRk+j and xgEj.. 



Using interior estimates, we also obtain 

1 



u(z)\, iGE t 

The conclusion now follows from (|6.10|) . ()6.14|) and Lemma |HI 



(Vu)* f (x) < -- sup 

2 k p ze n\B 2k _ lr 
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We are ready to prove Theorem 16.11 

Proof of TheoremUm We fix e > such that 2(3 /(it - 2(3) < e < 1 so that, for e' 
as in the hypotheses we have: (e — l)/2 < e'. The proof is based on the following 
elementary observations: given any e' > — 1 and e > —1, if a is a ov-atom then a lies 
in L 2 (N, do~ e ); by Theorem I4.6l we may solve the mixed problem for L 2 (da e ) with 
Neumann data a and zero Dirichlet data (provided (3 and e are as in the hypothesis). 
We let u denote such a solution and show that u satisfies (|6.1|) and (|6.2j) . We begin by 
studying Vw near the support of a. By the Cauchy-Schwarz inequality, together with 
the normalization of a and the estimate for the L 2 (da e ) -mixed problem (see Theorem 
14. 6|) . we have 

/ \ 1/2 

/ (Vu)*(x)da e , < If (Vu)*(x) 2 da e ) a^A^o^)) 1 / 2 

JA 2l0p (x a ) \JA 2l0p (xa) ) 

< C||a|| L 2 {(Te) a2 e '_ £ (A 2 io p (x a )) 1/2 



< C- 



a e/ (A p (x a )) 



provided 2e' — e > —1, that is e' > (e — l)/2 (note that the latter is bounded below 
by (A(3 — it)/2(tc — 2(3) > —1). Lemma ETT1 now grants 

o- e {& p {x a )y/ 2 o 2el ^ 2Wp {x a )y/ 2 <c 

<j e ,(A p (x a )) 

Next, we consider Vu away from the support of a: we will show that there is 77 > 
so that 

/ (Vu)*(x) da e , < C2~ nk . (6.15) 

Summing over k will give the estimate for (Vu)*. 

We begin with the Cauchy-Schwarz inequality and then use the estimate of Lemma 
EE (note that we have e > 2(3 /(n - 2(3) > > -1 + 2/q ) to obtain 



f (\7u)*(x)da e ,(x) < ([ (Vu)*(x) 2 da e (x 



1/2 



< c 



a e/ (A p (x a ))2^+s) 

C2 



&k m&K{\x a \i2 k P y' 



max(|x a |,p) e ' 

where the last inequality follows from Lemma 13. II Note that we have 

max(H 2V) = I - ^M <2 , (6 . 16) 




max(|x a |,p) ' kol 



l±al >2 



k 
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In particular, we have 



j < max(|a: a |,2 fc p) < ^ 



max(|x a |,p) 

Thus, letting i] := 5 — max{e', 0} > 0, we obtain (|fi.!5j) . Summing over k yields 
estimate (|6.1|) . 

Now we indicate why du/dv lies in H der e /). A similar, but simpler, argument 
shows that u lies in H l,1 (dfl, da e i). We first prove the vanishing moment condition: 

^da = 0. (6.17) 
an ov 

To this end, we observe that, since J an ada = 0, we may proceed as in the proof of 
Lemma l6~5l and inequality (j6.15|) to obtain 



/ NuYda < +oo. (6.18) 
Jan 



On account of ()6.18|) we may now apply the divergence theorem to obtain ()6.17j) . 
To continue, we follow the arguments of Coifman and Weiss We begin by writing 

du ~ 

fc=0 

where b := X a (^ - f Ap $do) and, for k > 1, b h := + X^.d^M^ - 

XA k ^kfj^da. The estimate of Lemma IB~H1 and arguments used above imply that 

1 /2 

j m \h\ da, < \b k \ 2 da)j a 2 ^ e (A k )^ 2 < 2^ k . 

where again 77 := 5 — max(e', 0) > 0. The one tricky point in this argument is that 
we must use f|6.17|) to obtain that J Ak ^da = — JgQ\ Ak §^ da. Thus we have that 
2 vk bk is normalized in L l (da e i). In order to prove that b k is in if 1 (<icr (E /), one now 
proceeds as in Stromberg and Torchinsky [23 Theorem 1, p. Ill] to show that the 
grand maximal function is in L 1 ((io" e ') and then find an atomic decomposition. This 
argument gives estimate ()6.2j) for du/dv in H l (da t '); the corresponding estimate for 
u is obtained in a similar fashion. I 



7 Existence and uniqueness for H and L p 

In this section, we give the final arguments to prove our main result, Theorem 11.11 
existence and uniqueness for the mixed problem. 

In Section 4 we obtained existence and uniqueness for the solution of the L 2 (da e )- 
mixed problem for e in an interval which includes positive values of e and does not 
include 0. In this section, we will study solutions which have atomic data and show 
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that the non-tangential maximal function for such solutions will lie in L 1 (da e t) for e' 
small. 

Our results are restricted to domains with Lipschitz constant M that is less than 1. 
This restriction is inherited from the previous sections (Lemma 14.4)1 . We do not make 
an effort to find the largest value of po (nor do we expect that the restriction M < 1 is 
essential) . However, as the example discussed in the introduction indicates, we cannot 
expect to always have p$ > 2, even in the case of smooth domains. Furthermore, in 
Brown jlj the mixed problem is solved in L 2 (da) for certain Lipschitz domains with 
arbitrarily large Lipschitz constant; thus, it is more than the Lipschitz constant that 
governs the solvability of this problem. 

We begin with our uniqueness result. 

Lemma 7.1 Let 5 > be as in Lemma l6'.M Suppose that e' and p > 1 satisfy: 

—5<e'< 0, 1/p' — e'/p < 5. Under these hypotheses, the solution of the mixed 
problem M.l\) for L p (da t i) is unique. 

Proof. Suppose that u solves the mixed problem for L p (da € >) with zero data, that is 

Aw = in Q 

u = onD , . 

p = ojiN ^ ' 

av 

{ {Vu)* e LP(da el ) 

We will show that u solves the regularity problem ()2.5|) with zero data and then use 
Lemma [2.81 to conclude that u = 0. To see that u vanishes on iV C dQ, we will show 
that there is r\ > such that for any if 1 (dcr r? )-atom, a, we have 



Jn 



uada = 0. (7.2) 

This means that is u is constant almost everywhere. In order to prove (|7.2|) . we fix 
r] > so that 

1 e' 

0< <t] < 5 

p' p 

(where 1/p + 1/p' = 1) and we let a be a o^-atom supported in a boundary ball 
A r (x a ). According to (the proof of) Theorem 16.11 the mixed problem in H 1 (da v ) 
with Neumann data a and with zero Dirichlet data has a solution v that satisfies 

\v(z)\<C\z-x a \- 5 , if \z-x a \>2p; (7.3) 

moreover, for e as in Theorem 14.6) we have 

(Vv)* G L 2 (da £ ) n L 1 (da v ). (7.4) 

We will need a pointwise estimate for u\ to this end, given z in Q, we consider the 
path in fl from to z given by: j z (t) = (tz\, 4>{tz\) + t(z% — (f>{z\))). Recall that is 
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the function whose graph gives dfl. We define the following Carleson measure with 
respect to da: 

dfiz(y) ■= xb 2]z \(v) dHi\ 7z , yen, 

where 7i\ denotes 1— dimensional Hausdorff measure. By the Fundamental Theorem 
of Calculus, properties of Carleson measures ( Proposition 12. 2|) and Holder inequality, 
we have 



\u(z)\ < 



f \Vu\\dj z \ 

■>lz 

< C [ {Vu)*da 

< \z\7~T\\(Vuy\\ LP(dr7 ^. (7.5) 

Note that by a similar argument we may show that u is locally bounded on dQ. 

With these estimates collected, we now proceed to the main part of the argument. 
Let R be large and let i/)r be a cutoff function which is equal to 1 on Br(0), zero 
outside B 2 r(0) and such that |V^r| < C/R. We apply Green's second identity to 
the pointwise products v ipR and u i^r and obtain 



r ( du dv \ r 

Jan ^ R \du ~ U ~dv J ^ = 2 Jn ^ R ^ u ' ~~ u ^ v ' V ^ dy ' 



(7.6) 



Concerning the left-hand side of (j7.6J) . on account of the boundary conditions satisfied 
by u and v , we have 



du du 

ibl, v— u— do = — I ibl/uada . 

an VR V du du) Jn yR 

Since a is compactly supported and u is locally bounded (see (|7.5j) and comment 
thereafter) we may apply the Lebesgue dominated convergence theorem and conclude 

f ( du dv \ f 

lim / ip 2 R v— u— da = — / uada . (7.7) 

i?.^oo Jgn y du du J Jn 

Concerning the right-hand side of (|7.6|) . we will show that 

lim / ipRvVu -VipRdy = lim / i^ruVv -VipRdy = 0. (7.8) 

Indeed, if R is large, then from Lemma \(r>.2\ for z in the support of VipR, we have 

\v{z)\ < CR- & (7.9) 

and it follows that 

I tfjRvVu-V^Rdy <CR- 6 [ \Vip R \\Vu\dy. 
Jn Jn 
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By Holder inequality we have 

\Vi[)r\\Vu\ dy < R~ 



Br(0) 



\Vip R \ \Vu\ \y\?dy 



1 _£ 

< Rp' p 



By Carleson Theorem, see ()2.3)1 and Proposition I2.2| the last term in the inequalities 
above is bounded by 

CR7-i\\(Vu)*\\ LP(dael) . 



We conclude 



i) R {vVu ■ Vip R )dy 



< CR7-v- s \\(Vu)*\\ LP{dael y, 



(7.10) 



our hypotheses on rj, e' and p imply that the exponent of R is negative, so the first 
integral in ()7.8|) vanishes as R — > oo. To handle the second integral in (j7.8J) we apply 
f!7.5|) : using the fact the VipR is supported in the annulus R < \z\ < 2R we obtain 



ip R uVi/jr ■ Vv dy 



< CR7--\\{Vuy\\ LP{m . dc7cl) R^ 



R<\y\<2R 



\Vv\—dy. 



By applying Proposition 12.21 on Carleson measures one more time, we see that the 
latter is bounded by 



CR7~-~ v \\(Vu) 



\LP(da e ,) 



{Vv)*d(T n . 



It follows that the second integral in ()7.8j) also vanishes as R tends to infinity. This 
completes the proof of ()7.8)1 and of this Lemma. I 

Theorem 7.2 Suppose Q, N , D is a standard graph domain for the mixed problem, 
with Lipschitz constant M < 1 and set (3 = arctan(M). There is 5 = 5(M) satisfying 
< 5 < 1 so that, for max{— 5 , ^fz^y } < e' < the mixed problem hl.l\) for L l (da e t) 
with Dirichlet data in H l)1 {D, da e >) and with Neumann data in H 1 ^, da e >) is uniquely 
solvable. The solution u satisfies the following estimates 



{Vu)*{x)da € , < C(M,e') (\\f N \\ H HN^) + \\fo\\ 
du 



U 



\m' l {dcT el ) + 



dv 



< C(M,e') (\\f N \\ + \\fn\\ 

H 1 (da c / ) 



(7.11) 
(7.12) 
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Proof. We first observe that we may use the solution of the regularity problem 
from Theorem 15.11 to reduce to the case where the Dirichlet data is zero. More 
precisely, we consider the (unique) solution v of the regularity problem ()2.5j) with 
data fr> £ H 1,l (da e i) (here fo denotes an extension of fo to dQ). By Theorem 15. II it 
follows that dvjdv e if 1 (9f2, da e >), and it is easy to see that u is the unique solution 
of the mixed problem with data fjj and if and only if u — v solves the mixed 
problem with zero Dirichlet data and with Neumann data 9n '■= Jn ~ dvjdv. 
To prove existence we consider any atomic decomposition for g^, namely 



9n{x) = ^Xjdjix), ^2\Xj\ < +00 



(7.13) 



see (15. lj) and (J5.2)) . By Theorem 16.11 it follows that for each j the mixed problem: 



Ahi = 



dhj 







dv 



has a solution hj that satisfies: 

||fy/||ir M (d<v) + 



in Q 
on D 
on N 



(7.14) 



G L x (do e 



dh, 



du 



< C(M, e') 



(7.15) 



H 1 (dcr fi ,) 



Thus, the function 



is a solution of the mixed problem with zero Dirichlet data and with Neumann data 
gN, and it satisfies: 

dh 00 

uu m(da e ,) j=l 

By Lemma \7. 11 h is unique, (i.e. h is independent of the choice of the atomic decom- 
position for gjv); taking the infimum over all atomic decompositions of g^ now yields 
()7.11|) . This proves existence; uniqueness follows from Lemma f7. II 1 

Next, we recall a few well known results concerning the the complex interpolation 
spaces of weighted L p and Hardy spaces, see Bergh and Lofstrom Theorem 5.5.3, 
Corollary 5.5.4], Stromberg and Torchinsky [23 Theorem 3, pg. 179]. For weights Wq 
and u>i, and exponents po>Pi we se t 







Po 



e 
pi 



— , w e 



w, 



PO 



10, 



< e < 1. 



(7.16) 



We let [A, B]o denote the complex interpolation space of index 9 as defined in the 
monograph of Bergh and Lofstrom [3, Chapt. 4]. 
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Theorem 7.3 Suppose wo and w\ are weights, then we have 

[L (w da), L 2 (wi da)]e = L P0 (wgda). 
If in addition the weights Wj are in A^da) for j = 0, \, then we have 

[H\w da),L 2 (w 1 da)} e = L Pe (w e da). 

Moreover, if a linear operator T is bounded: 

T : H l (woda) — > L l {woda), 
T : L 2 {wida) — > L 2 (wida) 

with norms M and Mi respectively, then T is bounded: 

L Pe (w e da) -> L pe (w e da) 

with norm M satisfying 

M < CM^ 9 Ml 

Remark. The constant C in the estimate for the operator norm is 1 when we consider 
Lebesgue spaces. It may not be one for Hardy spaces, see Stromberg and Torchinsky 

We will focus on the case: w^da = da t >, with e' < as in Theorem 17.21 and 
W\ da = da t , where e > is as in Theorem 14.61 We are now ready to give the proof 
of our main result, Theorem ll.il 

Proof of Theorem \l.l\ We first use a result of Dahlberg and Kenig [TTH Theorem 3.8] 
to reduce to the case where the Dirichlet data in the mixed problem is zero. (While 
Dahlberg and Kenig only discuss n > 3 in their work, one can extend their results to 
two dimensions.) 

We will use interpolation to establish existence of solutions satisfying the estimate 
(jl.4|) . Because the complex method applies to linear operators, we employ a standard 
technique to obtain the non-tangential maximal function as a supremum of linear 
operators. Fix {yj}j<=N, a dense subset of the sector T(0) and let £ = {Ej} be 
decomposition of dQ into disjoint measurable subsets, Ej. We define a linear operator: 

f N eH\da e ,) + L 2 (da e ) - T e {f N ){x) := £ xe s {x)Vu{x + Vj ) , x G dQ, 

j 

where u is the solution of the H 1 (da t i) -mixed problem (resp. the L 2 (<i<7 e )-mixed prob- 
lem) for data fx and fo = 0. Note that for a suitable sequence of decompositions 
{£k}, we have 

(Vm)*(x) = lim \T£ k f N (x)\ a.e. x G dVL . 

k— >oo 
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Now complex interpolation, (see Theorem I7.3|) implies that the operator is 
bounded on the intermediate spaces with a norm independent of £ . Fatou's lemma 
then yields boundedness for the non-tangential maximal function. It is easy to see that 
for the spaces L 2 (da e ), (2/3)/(tt-2/3) < e < 1 and H\a^), max(-5, (e-l)/2) < e' < 0, 
the intermediate spaces include LP {da) for 1 < p < p\{M) where 

= 2( 7 r-2/?)min(J,^) + 2/? 
(7r-2/?)min(5,^fy) + 2/5' 

In addition, in Lemma I7.1| uniqueness was established for p in the range: 1 < p < 
P2(M), p2^M) = 1/(1 — 5(M)). Thus, we have existence and uniqueness for p G 
(l,p (M)) with po = min(p 1 (M),p 2 (M)). I 



8 Final remarks 

We close by listing a few open questions. 

• Can we remove the restriction that the Lipschitz constant of the domain is at 
most one? 

• Can we obtain similar results in higher dimensions? The obvious problem here 
is that our two-dimensional weighted estimates rely on a Rellich identity which 
is based on complex function theory. 

• Can we study domains where the boundary between D and iV is more in- 
teresting? For example in R 3 , let Q = {x : x 3 > c(\xi\ + \x 2 \)} and let 
D = dQ n {x : X1X2 > 0} and then iV = dQ \ D. Can we solve the mixed 
problem for some IP space in this domain? 

• Can we extend the solution of the mixed problem to general domains, rather 
than only graph domains? 
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